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1. INTRODUCTION 
In a recent paper [l], we established that under suitable restrictions, one 
dimensional elastic bodies possess the “Wave Propagation Property,” a 
notion that affords a precise way to require that disturbances propagate with 
finite speed. The results of [l] constitute an extension of ideas established in 
[2, 31 for linear elasticity and in [4, 51 for heat conductors with memory. The 
aim of the present investigation is to arrive at analogous results for the mechan- 
ical behavior of nonlinear simple materials. 
2. PRELIMINARIES 
Throughout this paper, we will consider the reference configuration of the 
body to be the subset, B = [0, co), of the real line, R. By a motion of B, 
we mean a real-valued function x E W(B x R). For each y E B, the displace- 
ment gradient, H, and the history of the displacement gradient, Ht, are 
defined by 
for s E [0, co). 
WY, 4 = (WY> (Y, 4 - 1, 
(2.1) Ht(y, s) = H(y, t - s> 
Now let us consider a fixed influence function h, i.e., a positive, continu- 
ous, monotone decreasing function with ?h(s) integrable on [0, co). By the 
norm of a displacement gradient history, Ht, we mean the scalar jj Ht 11 
defined by 
II WY, -)ll’ = Jo- h2(s) H*(y, - s) ds. (2.2) 
We will denote by X the set of all displacement gradient histories with finite 
norm. 
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To characterize the material, we specify at each (y, t) E B x R the con- 
stitutive equation for the stress T, 
T = S(H, Ht), (2.3) 
where the domain of F is R x SC As to smoothness requirements1 on 3, 
we stipulate that for each HI’, HLt E X, 
9(H,, Hi) - S(H,, HI*) = A(H,, H,t) (Hz - HI) 
+ jam PVC , HA 4 [H2Ys) - Hl’(s)l ds 
+ B’(H,, H:, Hz - HI , H,f - Hit), (2.4) 
where -4 and fi are continuously differentiable throughout their domains and 
I Wf, 9 4’ , 4 - ffl , H,’ - Hlt)l G-Q, t) [(Hz - H# + II Hzt - Hit V], 
(2.5) 
where L is continuous on B x R. 
By a motion corresponding to the body force b and the density p, we mean 
a motion which in addition to satisfying (2.3) also satisfies 
PX = (Way> + b on B x R. (2.6) 
Essential to further developments is a result estabhshed in [I], where the 
proof is given. 
LEMMA 1. Let x1 and xz be motions corresponding to the respective body 
forces b, , b, and density p and suppose that 
(9 x1 = x2 on B x t--03, $,I, 
(ii) T E V(B) is a given function such that the set 
.Q = {Y I T(Y) > to> (2.7) 
is bounded. Further, let the difference of two functions be denoted by a super- 
posed N, then 
.r, kW/2) k'(r, T(Y)) + % dv)) k(u, T(Y)) +(Y)) 4
=ss r(s' I- %~, 0 fi(y, 0 + P(Y) &(Y, 0 XY, 5‘)) d5 dy (2.8) B to 
1 These smoothness reqmrements are, aslde from certam techmcahtles, con- 
sequences of the “Prmclple of Fading MemorJr.” For further dlscussion, see [6]. 
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3. WAVE PROPAGATION AND UNIQUENESS 
Before proceeding, we require the notion of the 
WAVE PROPAGATION PROPERTY. The body is said to possess the wave 
propagation property with respect to a motion, x1 , corresponding to 4 and p, 
if there exists a number c > 0, such that the following condition is satisfied. 
Let A be a bounded subset of B and [to ,q] be a time interval. Further, let 
x2 be any motion corresponding to 6, and p that satisfies 
(i) Xl =x2 on B x (--co, hl, 
(ii) b, = b, on (B - 4 x [to 9 711 (3.1) 




ITdO, -1 - T2(09 .)I MO, *) - 12(0, *)I = 0, 
Qt = {y E B 1 1 y - z 1 < c(t - to), x E A}. 
Then for each t E [to ,7], 
x1=x2 on (B - QJ x [to > 71. 
Despite its complexity, the foregoing definition admits a simple physical 
interpretation. In essence, it requires that if a body undergoing a motion x1 
be disturbed through a set A, then the resulting disturbance be confined to 
52, . Evidently, if a body possesses the wave propagation property with 
respect to a motion, that motion determines a bound, c, on the speed at which 
incremental disturbances propagate. 
We are now in a position to establish our main result. 
THEOREM 1. The body possesses the wave propagation property with respect 
to evmy motion, if there exists numbers M, N > 0 such that 
(9 4-j > M 
(ii) pt.1 > M, 
(iii) A(.) < N. 
Proof. Let xr and x2 be two motions which satisfy the requirements of 
the WPP definition, and pick c so that 
c > 2NIM. (3.2) 
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Now, clearly it suffices to show that jj = 0 on (B - .Qn,) x [t, , 71. Toward 
this end, fix t E [to , ~1 and y E (B - Q,) and for each h E [to , q] define 
44 = x - (I Y - z l/c) for z E B. 
Notice that 
‘A(Z) < h < 7 for z E B, 
j T*‘(Z)1 = l/c for z # J’, 
Q(A) = (z 1 Q(2) > to} 
is bounded, and 
9(X) n A = 8 forhE[t,,q]; 
and if 
then 
T(0, .) jj(O, -) # 0 on [to P 771, 
9(h) n (0) = 0. 






where for convenience, we have supressed the arguments associated with the 
reference configuration variable. 
Now by (2.4) 
which after an integration by parts yields 
p(t) B(t) =; g [A(H, , Kt) I?* + ‘@(t) s,t P(H, , ,“, t - 4 R(s) ds] 0 
- g + Bu-w), & 3 o ] Yt) 
- A(t) Jf: $ (HI , HIS, t - s) A(s) ds + I%‘. (3.9) 
After a straightforward but lengthy calculation, (3.9) can be used along with 
(i) and (iii) to obtain 
298 NACHLINGER AND WHEELER 
In the above, P is a positive constant which depends on the maximum values 
of I/l], IAl, [B], IAl andLthroughout9(T)~[t,,rJ. 
Now notice that by (2.4) and (iii) 
I Tji I < N I f? I I k I + I k I 1 lorn PW, ,4”> 4 f%) ds 1 
+ I k I Jm’ + II At II”1 
(3.11) 
or 
1 Ti 1 < N[I?* + i”] + k” + [s,” /3(H, , HIS, s) fit(s) ds]’ 
+L I i I [A2 + II At 1121, 
(3.12) 
which after another lengthy calculation yields 
I %A) i( < Nfi*(~,) + (1 + N) &n) + P* j-:” A*(t) d5‘ 
+ p* 1 ih)l fi*h), 
(3.13) 
where P* depends on L, I p 1 , and 7. 
If we now combine (3.13), (3.10) with (3.7) and use (3.4), , we get 
(3.14) 
< (p + p*> j 11 i(Tn)I A'(Q) + jTA R*(Q) d5/ dy. 
If we now define 
/3=mi.“,~J,,a,l, 
p* = P + P*, 
and notice that by our choice of c, p > 0, we can obtain 
fl jB A’(Q) 4 < p* jB 11 i(T~)i n*(Q) + j-:” fi2(f) d-51 4. (3.15) 
By virtue of the smoothness of x and the fact that x(t,,) = 0 on B, there exists 
a number ~1 such that 
1 i(%)I d cL(% - to) < P(x - to) 
on B. Also notice that 
(3.16) 
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Combining (3.16), (3.17), and (3.15) we finally get 
An application of a lemma due to Barberan and Herrera [7] now yields 
s P(T,,) 4, == 0 for AE [to ,771, B 
and hence 
s B Z?(Q) dy =0 for XE [to ,71, 
and finally 
j&r, 5) = 0 
which completes the proof. 
As was mentioned previously, a corollary to Theorem 1 is a uniqueness 
theorem. 
THEOREM 2. Suppose x1 and xz are two motions corresponding to the same 
body force and the same density. Suppose that in addition to the hypotheses of 
Theorem 1, the following are also satisjed. 
(9 [TdO, .) - T&l .>I MO, .) - 2&I .)I = 0 011 [to ,~1, and 
(ii) x1 = xn on B x (-03, t,], 
the-n 
Xl =x2 on B x (-a 71. 
Proof. The proof is identical to that of Theorem 2 of [l]. 
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